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ABSTRACT 

The  aolutions  of  the  equation  ut  =  ^“^xx  for  *  *  *«  0  <  t  <  T,  m  >  1, 

where  u(x,0)  is  a  nonnegative  Borel  measure  that  vanishes  for  x  >  0  (and 

satisfies  a  growth  condition  at  -•)  exhibit  a  finite,  monotone,  continuous 

interface  x  *  ?( t)  that  bounds  to  the  right  the  region  where  u  >  0.  We 

perform  a  detailed  study  of  C:  initial  behaviour,  waiting  time,  behaviour 

as  t  ♦  ■».  For  certain  initial  data  the  solutions  blow  up  in  a  finite  time 
*  * 

T  :  we  calculate  T  in  terms  of  u(x,0)  and  describe  the  behaviour  of  C 
as  t  ♦  T*. 
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A 


SIGNIFICANCE  AND  EXPLANATION 


porous  media  equation  (FMt) 


(PME)  ut  = 

where  m  >  1  and  T  >  0  are  constants  and  I  is  an  interval  ln — alphas  been 
used  as  a  model  for  a  number  of  physical  phenomena:  heat  diffusion  at  high 
temperatures,  boundary  layer  theory,  spread  of  a  thin  layer  of  viscous 
material  and  mainly  the  flow  of  gas  in  a  porous  medium.  .  In  all  these 
applications  u  >  0.  ___ _ s' 

>->The  most  distinctive  characteristic  of  the  solutions  to  (PME)  as  compared 
with  the  linear  heat  equation  t*'e  finite  speed  of  propagation 

if  the  solution  u(x,t)  is  supported  in  a  bounded  interval  a  <  x  <  b  at  j 
time  t  =  0  so  it  is  for  every  time  t  >  0:  u(x,t)  •  0  for  x  t  (a' 

.s' 

If  we  call  t1(t),c2(t)  the  best  bounds  a' ,b'  at  time  t  we  obtain  two 


monotone  curves  x  =  C^(t),  x 


?2 (t)  called  interfaces  that  bound  the 


support  of  the  solution. 

^  ^  In  this  paper  the  properties  of  the  interfaces  are  studied  in  terms  of 
the  initial  data.  oiix^O):  it  is  assumed  that  u(x,0)  >  0  and  that 
u(x,0 )  =  0  for  x  >  0  bei hq  othe rwi sc  completely  general  and  the  study 
concentrates  on  5  ■  C2(t).  'Hie  behaVipur  of  C(t)  for  very  small  times  and 
very  large  times  is  shown  to  depend  only  ohNthe  behaviour  of  u(x,0)  near  the 
interface  and  near  respectively  and  precise  growth  estimates  are  given. 

Also  the  occurrence  of  a  blow  up  in  finite  time  V  is  studied  and  estimated 
and  the  behaviour  of  C(t)  as  t  ♦  T*  described .3  Sometimes  the  interface  is 
stationary  for  a  certain  time  •>  and  then  begins  to  move:  we  characterize 
the  existence  of  a  positive  waiting  time  and  give  bounds  for  it. 

Completing  what  was  already  known  these  results  provide  a  satisf 
picture  of  the  interfaces  for  the  solutions  of  (PME)  when  I  =  R. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 


^  - 


(H3)  Uq  vanish*!  on  <0,*»)  . 

Th*  equation  appears  in  a  number  of  applications,  the  moat  typical  being  the  flow  of 

gas  through  a  porous  medium,  where  u  stands  for  th*  density  of  th*  gas*  This  activates 

th*  assumption  (Hi).  Assumption  <H2>  is  justified  in  view  of  th*  existence  theory t  in 

fact  sfnilan,  Crandall  and  Pierre  [9]  have  constructed  continuous  weak  solutions  to  the  11- 

dimensional  analogue i  (P„)  ufc  -  Au",  u(x,0)  -  UqJx),  M  >  1,  in  a  maximal  strip 

q  #  -  rf*  x  (0,T#) ,  0  <  T*  -  T*(u0 )  <  ",  under  th*  oondition 
T 

-(*♦  -^T) 

<H2’>  SUp  R  J  d|u0|(x)  <  • 

R>  1  |x|«R 


that  reduces  if  *  -  1,  u0  >  0,  to  (H2).  Whenever  T*  <  •  w*  say  that  the  solution 
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blow  up  in  finite  tine.  They  alao  pr ova  that  for  nonnagativa  aolutiona  a  naeaaaary  and 
sufficient  condition  for  global  existence,  l.e.  T*  ■  «,  ia 

-<W+  ^T> 

(0.1)  11*  R  /  dUg(x)  -  0  . 

»*•  |x|<R 

Alao  Aronaon  and  Caffaralli  (4]  a how ad  that  avary  continuoua ,  nonnagativa  weak 
solution  of  ut  ■  iu*  in  a  strip  Q^,  9  >  0,  has  an  initial  traoa  u(x,0)  which  ia  a 
locally  bounded  measure  satisfying  tha  growth  condition  (H2'). 

Recently  Dahl berg  and  Xenig  (11]  proved  that  tha  continuoua.  nonnagativa  distribu¬ 
tional  solutions  of  (P„>  in  Qf,  9  >  0,  are  unique,  for  another  uniqueness  result  cf. 
(9]  and  its  references.  Early  work  on  this  subject  goes  back  to  Kalaehnikov  [14] . 

In  view  of  these  results  (H2)  is  an  optimal  growth  condition  for  tha  initial  values 
of  (p). 

In  this  paper  we  are  interested  in  describing  the  free- boundaries  that  appear  in  (P)i 
indeed  one  of  the  suet  appealing  features  of  (P)  with  ■  >  1  is  tha  fact  that  when  u0 
vanishes  outside  a  compact  interval  then  the  support  of  u(*,t),  t  >  0,  is  alao  compact. 
This  ia  called  the  finite  propagation  property  and  has  been  described  by  Oleinik, 
Kalashnikov  and  Cshou  [17]  in  their  1958  paper  where  the  existence,  uniqueness,  regularity 
and  finita  propagation  for  the  solutions  of  (P)  were  first  discussed  at  length. 

The  above  consideretiona  lead  us  to  introduce  the  assumption  (H3).  We  show  that  the 
solutions  of  (P)  under  the  assumptions  (H1)-(H3)  vanish  /or  large  enough  x  >  0  for  any 
fixed  time  0  <  t  <  9*.  we  define  the  outer  right  Interface  (or  free  boundary)  of  u  as 
the  curve  x  ”  C(t),  where 

IC(t)  -  sup(x  i  u(x,t)  >0}  if  0  <  t  <  T 

C(0)  -  sup(x  I  /  dug  >  0}  . 

(x,«) 

Then  C  t  (0,9*)  ♦  (0,*)  is  a  continuous,  nondecreasing  function  and  there  is  a  tine  t*. 
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0  <  t  <  T*»  called  waiting-tine .  auch  that  C(t>  -  C(0)  if  0  <  t  <  t  ,  C  €  C1 (t* ,T* ) 
and  C'(t)  >0  if  t*  <  t  <  T*.  All  thaaa  raaulta  ware  wall-known  whan  uQ  e  L^O),  cf • 
Ml,  [10],  [16],  [19].  in  faction  1  wa  raviaw  thaaa  and  other  known  rnaolta  that  we  ahall 
need  and  ahow  that  they  continue  to  hold  under  the  prevent  conditions. 

For  eiwpllcity  we  ahall  refer  in  the  eequal  to  *  -  Ctt)  aa  the  free  boundary  or 
interface.  Remark  that  other  interfacae  nay  also  appear i  outer  left  interface  and  inner 
interfaces,  cf.  [19].  We  shall  make  a  brief  comment  on  then  at  the  end  of  the  paper. 

After  Section  1  on  preliminaries  we  estimate  the  blow-up  time  in  terns  of  the  growth 
x 

of  | /  du0(x)|  aa  x  ♦  •  in  Section  2. 

0 

Section  3  is  devoted  to  the  waiting- timet  we  give  necessary  and  sufficient 
conditions  on  uQ  for  a  positive  waiting- tine  to  exist  as  well  as  lower  and  upper 
estimates  of  it. 

In  Section  4  we  construct  a  class  of  global  self-similar  solutiona  behaving  as 
x  ♦  —  like  0(1x1*),  -1  <  u  <  2/(n  -  1). 

In  Section  S  we  prove  that  the  behaviour  of  the  interface  for  snail  time  depends  only 
on  the  behaviour  of  uQ  near  0.  By  comparing  with  the  explicit  solutions  of  Bection  « 
we  give  rates  of  growth  for  small  t  for  various  classes  of  initial  data. 

A  similar  study  is  performed  in  Section  6  for  large  t.  Now  the  behaviour  of  ( 
depends  on  the  behaviour  of  ug  for  large  negative  x.  In  particular  if  Ug(x)  ~  |x|° 
for  an  «  i  -1  <  a  <  2/(m  -  1)  as  x  ♦  -•  then  as  t  ♦  •»  C(t)  ~  t*  with 
Y  -  (2  -  o(m  -  I))"1. 

Finally  in  Section  7  we  study  the  behaviour  of  C(t)  as  t  ♦  T*  when  T*  is 
finite.  In  particular  we  show  conditions  under  which  C<t)  ♦  •  as  t  ♦  T*.  We  also 
study  the  blow-up  set,  i.e.  the  set  of  points  x  e  B  for  idiich  u(x,t)  ♦  •  as  t  ♦  T*. 

An  Interesting  question  not  dealt  with  here  is  that  of  determining  if 
C  e  C^(0,T*>.  The  only  point  idiere  this  may  not  be  true  is  t*.  In  [5]  Aronson, 
Caffarelli  and  Kanin  exhibited  a  class  of  initial  data  for  tdtich  c  is  C1  smooth. 
Recently  Aronson,  Caffarelli  and  the  author  [6]  have  proved  that  for  roughly  the 
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1.  FMLXMXNARXBS 


1.1.  Kxiatgnge  and  uniqueness  of  solutions. 

N*  recall  hare  tha  results  that  we  need  from  (9]t 
THZORBl  A.  Let  Og  be  a  Borel  eeaeure  satisfying  (H2) .  Then  there  exlata  a  maximal 
time  T*  e  <0,»]  for  which  a  eolutlon  u  can  be  defined  In  (0,T*>  each  that 


(i) 

U  e  C((0,T*>»  bloc**))  « 

LIoc"°*»# 

)>X> 

(ii) 

u(x,  t)  (1  + 

e  LIoc(*  * 

(0,T*>> 

*  * 

(ill) 

For  ♦  €  C0(*  *  [0#T  )) 

we  have 

T 

/  /  ♦  u%  >dxdt  -  /  t(x,O)<lu0(x)  . 

0 

Moreover  If  T*  <  •  (In  which  caea  we  aay  that  the  eolutlon  blown  up  In  finite  tiae) 

(iv)  lie  1 1  |u(*,t)  1 1 1  «•  .  O 

t+T* 

Here  above  I  denotea  the  apace  of  functions  f  e  L|M(n  such  that 

_  all 

(1.1)  lllflll-sqpH  *'1  /  |f|da  <  - 

R>r  |x|<R 

for  acee  (-  all)  r  >  0,  equipped  with  the  norm  111*111,.  [9]  contains  further 

Information  on  the  solutions i  uniqueness.  ...  Xn  particular  it  la  important  to  r smart 

that  the  solution  u  with  initial  data  uq  >  0  can  be  obtained  as  the  limit  of 

solutions  un  with  smooth,  compactly  supported  initial  data.  Also  P.  Sacks  prosed  that 

u  is  continuous  in  Q  *• 

T 

For  uniqueness  and  comparison  purposes  we  shall  use  the  following  result  of  Dehlberg 
and  Keniq  tills 

THBORM  B.  Lft  U|(x,t>,  U2(x,t)  be  continuous,  nonneoative  functions  in  a  strip 
Oj  -  H  *  (0.T),  T  >  0,  such  that 


ii)  the  initial  gtgi  u1  (x,0 ) ,  u2(x,0)  (that  exist  thanks  to  (4])  satisfy 
ul(x'0>  <  uj(x,0)  as  wasurss. 

Than  ( xf t)  <  u2<x,t)  ^n  Cj.  □ 

1.2.  Properties  of  ths  solutions. 

The  following  properties  are  valid  for  solutions  with  smooth  initial  data  in  L1!*) 
and  resiin  valid  for  general  initial  data  by  approximation. 

raoRRTrsi.  <o  (u-1^  >  -  7  ;;t  ui>  >  -  (,  +um  ^  *•«>,«>• 

property  s2.  if  Ug  is  a  function  such  that  (“o”1  >  0  in  P'(*>  then 

(u^t)*"1)^  >  0  in  P*(»)  for  every  t  >  0. 

A  A 

PROPERTY  S3.  Given  two  solutions  u,u  with  initial  data  uQ,u0  vs  have  for  every 
t  >  0  for  which  both  are  defined 

(1.2)  /  (u(x,t)  -  u(x,t) )+dx  <  /  (dug(x)  -  du0(x))+  , 

where  (*)+  ■  max(*,0). 

We  reaurk  that  Property  S3  implies  in  particular  the  pointwise  comparison  result)  cf. 
far  Property  SI  (31,  for  Property  82  [1,  Lias  2}  and  for  Property  S3  [81,  [9].  For  the 
next  property  we  refer  to  our  work  (19]. 

PROPERTY  84  (Shifting-Comparison  Tamms).  hat  u,u  be  solutions  of  (P)  under  conditions 

A 

(HI )— (S3).  I£  Uq.Uq  satisfy 


NOTATION,  We  shall  ass  the  notation  u0  ^  uQ  or  uQ  u0  weaning  that  (1.4)  holds. 
Conclusion  (1.S)  is  than  written  as  u(*,t)  4  u(*,t). 

1.3.  Some  explicit  solutions. 

The  following  solutions  will  play  an  important  rols  in  ths  saqual  as  ths  models  with 
which  we  cow  pare  other  solutions.  First  we  consider  the  solutions  w(x,tiM)  of  (P) 
with  w(x,0)M)  “  Mfi(x)  where  N  >  0  and  &  is  Dirac's  delta  function.  They  are  given 
by 


(1.7) 


w(x,t>M) 


■  -  1 
2(«  ♦  1 )■ 


2  nr- 1 


t2/<«*1)  + 


i>>. 


cf.  [7],  where  C  and  M  are  related  by 


(1.8) 


M  -  a  C 


■*1 

2(sr*1 ) 


2 

—  V  if 


the  right  interface  of  w(x,tiM)  is  given  by  x  ••  r(t),  where 

bp-1  1 


(1.9) 


1/2 


r(t)  -  c)  , 


_i_ 

srM 


2ll 

nttl 


•  -(rf-r.  i) 

The  solutions  w(x,tiN)  serve  as  a  andel  of  solutions  with  L1-data,  cf.  (19).  For 
solutions  that  blow  up  in  finite  ties  we  shall  use  as  Model  the  family  *(x,t»T,C) 
defined  in  T  >  0  by 

1 


(1.10)  s(x,t»T,C>  -  (T  -  t>  *_1  (2,^-Vl> 


(T  -  t) 


2/( 


^T)  +  CJ+  ‘ 


C  can  be  any  real  nwber.  If  C  >  0  s  is  always  positive.  If  C  <  0  s  vanishes  in  the 


B( • , • )  is  Euler's  beta  function. 
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region  |x|  <  r(T  -  t)  with  r  defined  ea  in  (1.9).  In  this  cue  we  can  consider  the 
restrictions 


(1.11)  s.CXftiT'C)  "  s( x, t;T,C)H(-x) 

(1*12)  *+(x,t>T,C)  -  s(x,t>T,C)B(x) 

where  H(x)  >1  if  x  >  0,  H(x)  -  0  if  x  <  0.  If  C  <  0  s+,s_  ere  eolations  of  (P) 
end  in  feet  the  right- interface  of  c_  is  the  curve  x  “  -r(T  -  t),  0  <  t  <  T. 

We  shell  write  x(x,t;T),  s^(xttiT)  instead  of  z(x,tiT,0),  x±(x,tiT,0). 

1.4.  Properties  of  the  interface. 

Let  a  be  the  solution  of  (P)  under  conditions  (HI),  (B2),  (B3)  end  let  C(t)  be 
its  interface  u  in  (0.2).  We  have 

PROPERTY  H.  c(t)  is  finite  and  nondecreaelne  for  0  <  t  <  T*. 

PROOF.  It  is  nondecreasing  since  Property  81,  (ii)  isplles  that  if  u(x,t)  >  0  and 
t  >  t,  then  u(x,t)  >  0. 

To  see  that  it  is  finite  we  remark  that  by  Properties  (H2),  (H3)  there  exist 
constants  C1#C2  >  0  such  that 

•  atl 

(1.13)  /  dttg(x)  <  C,(|x|  ♦  C.)-1  , 

X 

hence  there  exists  T1  >  0  such  that  uQ  4  *_(x  -  Cj,0»T1 )  and  the  shifting  coaiparison 

lemma  implies  that 

(1.14)  C(t)  <  C2  for  0  <  t  <  T,  . 

It  is  clear  from  Theorem  A  (iv)  that  T*  >  T,.  In  case  T*  >  Tj  we  can  repeat  the 

•  •  * 

argument  ebove  up  to  any  time  T  <  T  using  the  fact  u  e  L,  ({0,T  ),X).  □ 

IOC 

We  can  now  define  the  waiting-time  t*  as  in  the  Introduction.  We  have  C(t)  -  0 
if  0  <  t  <  t  and  C(t)  >  0  if  t  <  t  <  T*.  Ws  shall  show  in  Section  3  that  t*  is 
finite.  We  recall  that  the  local  velocity  of  a  solution  is  defined  in  the  eet 
{(x,t)su(x,t>  >  0)  by  V(x,t)  -  u*-1)^  cf.  e.g.  (1).  If  t*  <  T*  we  have 
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PROPERTY  12.  C  e  c’lt*,!*)  and  for  0  <  t  <  T*  tha  limit 

(1.15)  lim  V(x,t)  -  V(C(t),t> 

x*C(t) 

u(x,t)>0 

exists  and  equals  C ' <  t+ )  i£  t  >  0.  Moraovar 

(1.16)  C"(t)  *  C  >  o  in  V  (t*»T*)  , 

therefore  in  nondscreaslng  and  C’(t)  >  0  t  >  t  . 

PROOF.  (1.15)  was  provad  in  (1]  and  116]  for  aolutiona  with  continuous,  compactly- 
aupportad  initial  data;  (  e  C*  ii  provad  in  [10]  and  for  (1.16)  cf.  [10]  and  [19].  Tha 
asaantial  of  tha  proofs  remains  unchanged  using  tha  propartias  already  quoted  and  tha 
ram  art  that  Theorem  A,  (ii)  and  Property  Si,  (i)  imply  that  for  every  0  <  t  <  T 
V(x,t)  is  a  locally  bounded  function  of  x.  □ 

PROPERTY  13.  If  ug  is  a  function  such  that  *  0  P'(»  then  C(t)  is  a 

convex  function  of  t,  0  <  t  <  t*. 

proof.  By  Property  S2  V(x,t)  is  a  nonincreasing  function  of  x  for  every  t  >  0.  This 
means  that  V(x,t)  >  V(C(t),t)  “  k  >  0,  therefore  If  k  >  0  the  "constant-velocity 
front" 

1 

(1.17)  u  -  ("  ~  k[k(t  -  t)  -  (x  -  ;(t))]+r1 

_  a  -  — 

is  a  solution  of  (P)  in  R  *  (t,T  )  such  that  u  <  u.  Renee  for  every  t  >  t 

(1.18)  C(t>  >  C(t)  ;’(t)(t  -  t)  . 

This  means  that  C  is  convex.  We  remark  that  when  t  -  t*  we  take  C'(t)  to  mean 
C’(t+).  □ 


2.  BLOW-UP  TIM* 


In  this  ■  action  we  estimate  tha  blow-up  time  T*  “  T*(u)  of  any  solution  u  of  (P) 
such  that  uQ  aatlafias  (HI)  and  (H2)-(H3)  is  not  nsesssary  -  in  term*  of  Lg  -  L(Ug) 
dafinad  by 

-  Stl 

(2.1)  L.  -  lie  sup  |x|  ""'iMx)  , 

IxI-m. 

x  a 

where  M(x)  -  | /  dug(x)|.  then  0  <  Lfl  <  •.  It  was  proved  in  [9]  that  T  <  •  if  and 

0 

only  if  Lg  >  0  as  we  said. 

We  begin  by  showing  that  T*  depends  only  on  the  behaviour  of  ug  for  very  large 
|  x  |  x  for  any  a  e  ■  we  define  u^  *■  the  solution  of  (P)  with  initial  value 
Ug(xia)  -  u0(x)  •  x((— .«]),  i-e.  Ug(xia)  coincides  with  Ug  on  (—»,a)  and  vanishes 
on  (a,*).  Likewise  we  define  u£  for  saa»  b  e  II  as  the  solution  of  (P)  with  initial 
value  u|(x;b)  -  u0(x)  •  X<lb,*)).  then  we  have 

PROPOSITION  2.1.  All  the  solutions  uj,  a  e  B,  have  the  sane  blow-up  tine  T*.  Likewise 
tha  fMiiy  {u^)  has  a  common  blow-up  tine  T2.  Finally 

(2.2)  T*(u)  -  min(T*,T2)  . 

PROOF.  By  the  maxiaw  principle,  cf.  0.2),  we  have  for  every  a'  <  a,  b  <  b’« 

(2. 3. a)  T*(u>  <  T*(uJ)  <  T*(u’.) 

(2.3.b)  T*(u)  <  T*(u£)  <T*(u|.)  . 

The  fact  that  T*(u^>  ”  T*(u4|l)  is  a  consequence  of  (1.2)  and  Th sores  a,  (iv)»  (1.2) 
iapliea  that  for  t  <  T*(u’)  u’  >  u’.  and  /  (u’  -  u*. )+dx  is  bounded  by  a  constant 
that  does  not  depend  on  t.  Therefore  1 1  |uV,t>  1 1 1 ,  is  bounded  as  long  as 
| I |u^, (*,t) | | | f  is.  By  virtue  of  Theorem  a  (ii),  (iv)  this  implies  that 
T*(Ug)  •  T  (u^« ) . 

•  2  •  2 

The  sane  argument  proves  that  T  (ub)  -  T  (ub. ) . 

To  end  the  proof  we  have  to  show  that  if  T  «  min (T  ^ ,T2 ) ,  then  u  is  defined  for 
0  <  t  <  T.  For  this  we  take  an  e  >  0  and  prove  that  the  supports  of  u^(*,t)  and 


u.(*,t)  do  not  meet  for  0  <  t  <  T  -  c  if  a  «  0  and  b  »  0.  Assuming  that  this  la 

D 

true  we  conclude  as  followst  u(x,t)  -  ua ( x, t)  +  ua(x,t)  is  then  the  solution  to  (V)  in 
the  domain  Qr_e  with  initial  data  Ug  -  Ug  •  x((a,b)).  From  (1.2)  we  deduce  that 
u(x,t)  is  dsfined  in  QT_£  and  that 

(2.4)  /  u(x,t)dx  <  /  u(x,t)dx  +  /  dug(x) 

<a,b) 

for  any  0<t<T-c.  Now  let  e  ♦  0  to  get  T  (u)  >  T. 

12  1 

He  control  finally  the  supports  of  ua  and  u£.  Let  us  begin  with  ua»  by  theorem 
A  (li)  there  exists  a  constant  C  >  0  (that  depends  on  e)  such  that  for  every  a  <  0, 

0  <  t  <  T  -  e  and  x  <  -1 


/  uJ ( s > t ) ds  <  Clxl"-1  . 


Now  we  observe  that  if  we  set  va(x,t)  ”  r_(x  -  a/2, ti T )  with 

«  *  . 

(2.6)  t  -  (•——)  t»mC>"  , 

then  (2.5)  implies  that  ua(x,0)  «  va(x,0)  for  every  a  <  -1  so  that  Corollary  81  of 
Section  2  implies  that  ua(x,t)  -  0  for  every  x  >  a/2  and  0  <  t  <  min(T,T  -  e).  Let 
now  N  be  the  least  integer  >  (T  -  e  )/t  and  set  u  “  uj,  with  a*  ”  —2**.  If 
T-e<x,  n*1  and  we  have  proved  that  u(x,t)  vanishes  in  (-1 ,")  x  (0,T  -  e).  If 
T  -  c  >  x  we  can  repeat  the  argument  at  t  “  t  with  v  “  *_{x  -  a*^*,t  -  Hi)  to 
conclude  that  u(x,t)  “0  In  (a1^*,*)  x  (0,min(2T,T  -  e)).  By  induction  it  follows 
that  u(x,t)  »  0  for  x  >  -1  and  0<t<T-c  in  any  case. 

9  if  t 

In  the  sane  way  we  can  prove  that  u£«  with  b'  ■  2  and  N'  defined  similarly 
to  N  vanishes  in  (-«•,  1)  *  (0,T  -  e).  This  completes  the  proof.  □ 
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1h«  preceding  nsvlt  allows  to  reduce  th*  study  of  tho  blow-up  tin  too  solutions 
satisfying  (HI),  (h2>,  (h3).  In  thin  out 


L0  -  Urn  sup  |*|  /  dug(x) 

*♦—  x 


Tho  Min  rssult  of  this  s action  is 

THXORBI  1.  T*  Is  inflnlts  if  and  only  If  Lg  -  0.  If  Lg  >  0  wo  haw 


<  T  < 


*  h  e.  "  <£<"f1>  "  sfeVi>  *  »(r^7'  2~'  (cf-  <’•*»• 

caao  Lg  la  actually  tho  limit  as  x  ♦  —  or  as  x  ♦  -  than 
<2.»)  T*  -  T„Af 1  . 

MOOT.  By  virtu*  of  Proposition  2.1  w*  can  assume  that  ug  S  0  on  (0,-) . 

lot  c  >  0.  Thar*  sxlsta  a  constant  C  -  Ce  >  0  such  that 
*(x)  <  (I»q  ♦  e)|x|  if  x  <  -C.  Thsrsfors  thar*  exists  a  constant  K  >  0  such 

that  ug(x)  *<  s_(x  -  K,0iTe>  whars  T(  -  Tm(L0  +  e)1"".  It  follows  than  frost  Proparty 
84,  f2,  that  I*  >  Te  (and  that  for  ovary  0  <  t  <  T^,  u(»,t>  <  *_(•  -  K,t»Tt>).  batting 
«  ♦  0  wa  obtain  tho  loft-hand  inequality  of  (2.8). 

In  can*  Lg  is  not  only  a  11*  sup  but  the  limit  as  x  ♦  —  of  th*  expression  in 
(2.7)  we  can  repeat  th*  arguaent  now  bo  find  a  K  <  0  such  that  Ug(x)  ►  t  (x  -  K,0»T  ) 
where  obviously  T_f  -  Tb(L0  -  c)  it  follows  that  I*  «  T£  hence  as  e  ♦  0,  T*  <  vJ"*. 

Ws  prove  next  the  second  inequality  of  (2.8>i  wa  choose  a  point  x  <  -1,  stove  the 
aass  in  [x,0]  at  time  t  “  0  to  the  point  x  and  consider  the  solution 

*  w(x  —  x,tiN(x))  with  initial  data  Ug(x)  —  M(x)6(x  —  x)t  wa  have  for  every 
x  e  *,  t  >  o 


(2.10) 


—  iiELli  _2_  _1_ 

■  « rrm)  -  «ar . 


-12- 


such  that,  fiT«n  e  >  0 


Thar*  ia  a  sequence  xn  ♦ 
L0  - n' 


H(x_)  >  (Lfl  -  c)|x  ^  „  4S  large  enough,  n  >  n  .  bat  us  aat 

*•  u  n  £ 


(2.11) 


atl 

-  , — 11  ±jli  2 

e  rv',-’ 


for  all  large  n  >  ne  wa  have: 

■-1  1 

(2.12)  c  M( x  >  (1  +  e)1/2|;  |  . 

■  n  c  n 

Hanca  for  km  C  ■  CB  >  0  wa  hava  with  x  “  j^,  n  >  n{ 

(2.13)  s^Vx.t)  >  a:  l^t!1 

n  c 

if  -1  <  x  <  0.  Sinca  by  construction  wa  hava  N(xn)S(x  -  xR)  A  Uq(x)  wa  concluda  that 
for  every  t  <  T*,  u(*,t)  A  u(*,t)  and  in  particular 


•  0 

(2.14)  /  u(x,t)dx  >  /  u(x,t)dx  . 

-1  -1 

In  caaa  T*  >  t  for  an  e  >  0  wa  can  usa  (2.13)  to  estimate  tha  right-hand  sida  of 
E  • 

(2.14)  and  lat  n  ♦  •  to  concluda  that  tha  integral  /  u(x,t  )dx  "  m,  a 

.  -1 

contradiction.  Hanca  t  <  t£  and  letting  C  ♦  0  tha  result  follows. 

RBIMUC.  Tha  accuracy  of  astinata  (2.8)  depends  on  tha  ratio 


(2.15) 


*-1 


■-1 


X.  approaches  1  as  •  *  1.  Indeed  u1+c  ■  1  ♦  O(elgc)  as  e  +  0.  On  tha  contrary 
grows  like  2*  as  a  *  •  •  u2  -  4. 
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3.  ON  THK  WAITING  TIN! 

In  the  sequel  u(x,t)  la  tha  solution  of  (P)  under  aaaoaptlona  (HI),  (H2),  (H3). 
Without  loaa  of  generality  we  aat  C(0)  -  0.  wa  diacuaa  in  this  aaction  tha  axiatanca  of 
a  poaitiva  waiting  tiaa  and  give  astiaatas  for  it  in  terns  of  Ug. 

In  [2]  Aronson  construe tad  an  exaaple  of  aolution  with  saooth  initial  data  having  a 
poaitiva  waiting  tiaa  that  ha  axplicitly  coaputad.  To  be  specific  if  Uq~*(x)  “  cos2x 
for  -»/2  <  x  <  w/2,  uq”1(x)  -  0  otherwise ,  he  proved  that  t*  «  (a  -  1)/2a(a  ♦  1)  and 
at  that  tiaa  tha  second  derivative  (uj-1 (x,t> >xx  blows  up  at  x  ■  i»/2.  Knarr  discussed 
in  [16]  (undar  tha  slaplifylng  assuaptlona  that  uQ  la  continuous,  poaitiva  in  a  bounded 
Interval  (a,b),  a  <  b,  and  saro  outside)  tha  waiting  tiaa  t*  in  tarns  of  the  behaviour 
of  p0(x)  "  u*- 1  near  tha  endpoint  bt  thus  if  Pg(x)  <  C(b  -  x)2  for  soaa 

C  >  0  and  all  x  near  b  then  t*  >  Of  on  tha  contrary  if  pQ(x)  >  c(b  -  x)0  with 


C,x  as  before  and  a  <  2  then  t  ■  0. 

In  [5]  Aronson,  Caffarelli  an  Kanin  prove  tha  following  result  (adapted  to  our 
notation ) i 

theorem  Cs  Let  u  be  a  aolution  of  (P),  let  p 

ox-  + 


an_  1 

u  and  assune  that 


Ug  e  lJ0{.(»)  and  that  Pg(x)  =  p(x,0)  «  0  tor  x  >  0.  If,  pQ(x) 


2  .  ,2 

o(  x  )  aa 


x  t  0  and  pg(x)  <  6x  In  for  sons  constants  a,0  >  0  then 

1  .  .•  .  1 


(3.1) 


<  t  < 


2<n  +  1)0  '  “  '  2(n  ♦  Do  * 
COROLLARY  As  Under  the  above  hypotheses  if  «  “  0  than 

•  1 


(3.2) 


2(a  ♦  1)o  • 


In  this  section  we  give  a  necessary  and  sufficient  condition  for  the  existence  of  a 
poaitiva  waiting  tiaa  aa  wall  as  an  astiaata  of  t*  in  tarns  of  M(x).  Notice  that  undar 
hypothesis  (H3)  M(x)  “  0  if  x  >  0  and 


(3.3) 


0 

M(x)  »  /  dug(x)  if  x  <  0  . 
x 
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THKOMM  2.  I)  t  U 


Itlva  if  and  only  if 


where 


11a  sup  M(x)|x|  *”1  < 


“  sup  N(  x )  |  x }  <  •  than 

x<0  - 


B**’  ‘  1  ‘  B-1 


ZZZ)  It  A  m  lim  inf  M(x)|x|  im  oositiv  thmn 

xfO 


t*  <  4: 


COROLLARY  3.1.  If  ttg 
Halt  whan  x  ♦  0  than 


supramwi  of  M(x)  |x| 


nunt.  1)  Slnca  for  pg(x)  *  bx2  m  have 


— -  1  m»1 

<3. 8)  N(x)  -  •  b*"1  Ixl*”1  , 

2 

under  tha  hypothaala  pQ(x)  <  Bx  tha  left-hand  Inequality  of  (3.5)  gives  praclaaly 
(2(a  +  1)B)  1  <  t*.  Alao  Corollary  A  la  lap 11 ad  by  Corollary  3.1,  the  conditions  being  in 
our  case  far  leaa  restrictive. 

2)  for  the  accuracy  of  (3.5)  see  Remark  at  the  end  of  8ectlon  2. 


2)  For  the  accuracy  of  (3.5)  see  Remark  at  the  end  of  8ectlon  2. 

PROOF  of  TffltORM  2.  II)  Assume  that  ■  <  «.  We  compare  u(x,t>  with 

u(x,t)  “  s(x,t>T).  It  Is  laaMdlate  that  Ug -4  u0  If  t  <  T^B 1  ”* .  Tharefors  we  conclude 


tram  Theorsa  1  that  T*  >  t  and  front  the  Shifting  Ooaparieon  that  tor  0  <  t  <  T, 

C(t)  <  (<t)  “  0,  hanca  t*  >  t.  This  proves  (3.5),  laft. 

For  tha  uppar  bound  in  (2.5)  we  coapare  u(x,t)  with  tha  aolutlon 
u(x,  t)  ”  w(x  -  x,  t jM(  x) )  for  an  x  <  0.  Slnca  it  ia  eiaar  that  uQ  ■<  Uq  wo  hava  for 
avary  0  <  t  <  T*,  C(t)  <  C(t).  But  ainea 


Ell  1 

(3.9)  C(t)  -  x  +  c|)l(5>**1t*4'1 

wa  concluda  that  C(t)  >0  if  t  >  c"***'1 )  |x|B+1M(x)"<*“1  K  Thia  baing  trua  for  avary 
x  <  0  we  can  taka  tha  inflaua  of  tha  expraaaion  in  tha  right-hand  aide  and  obtain  thua 
tha  daairad  inequality. 

I)  Since,  becauae  of  aaauaption  (R2)  B  ia  finite  if  and  only  if 

_  S+i 

lia  aup  M(x)|x|  0-1  la  finite,  (3.4)  followa  froa  (3.5). 

III)  He  firat  recall  that  any  aolutlon  u(x,t)  with  initial  preaaure 

<v  2  2  2 

Pq (x)  “  ax  +  o(x  )  and  auch  that  pQ(x)  <  ax  haa  a  waiting  tiaa  given  by  (3.2) 
(Corollary  A) . 

2 

How  for  avary  e  >  0  tha  solution  u  auch  that  pg(x>  “ax  If  x£  <  r  <  0  and 
pg(x)  ”  0  otherwise,  aatiafiaa  uQ  4  Ug  if 


i  "J  in  i 

,  a-1  ,  — 7 

r»  -  J.1  ,  a  -  1  a-1 

(A  —  6 )  > 

'a  +  I'*  a  ♦  1  “ 

and  x£  la  sou 

kll  enough. 

Therefore 

t*  <  t  •  (2(a  ♦  1)a)  1  -  9b(a  -  e)1”*.  totting 

e  ♦  0  wa  gat 

(3.6). 

□ 

He  end  the  section  by  applying  our  reaulta  to  a  faaily  of  solutiona  already  diacuaaad 


in  (5)  i 
EXAMPLE. 

(3.11) 


He  let  a  -  2  and  conalder  tha  eolutiona  u(x,t;9)  with  initial  data 

Vx) 


~  (d  -  9)aen2x  ♦  9aen4x]  if  x  e  (-w,0J 


otherwise 


with  0  <  9  <  1.  notice  that  since  a  ■  2  Pg(x)  ■  2ug(x). 
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1)  He  estiaate  tha  Malting  tine  whan  6  -  1.  In  thla  caaa  tha  raaulta  of  [S]  iaply 


that  0.3174  <  t*.  Ha  obtain  aora  accurata  aatiaataa  using  Thaoraa  2t  ainea  tha  aaxia— 
of  *(x)|x|"3  for  -•  <  x  <  0  la  attained  at  tha  point  x  -  -1.440951  with  a  value 
B  -  0.0769686  it  follows  froa  (3.5)  that 
(3.12)  0.3608  <  t*  <  1.4432  . 

2)  Now  wa  study  the  range  of  8*s  for  which  foraula  (3.2),  i.e.  in  this  case 

(3,13>  *  "  6(1  -6)  ' 

is  valid.  Since  for  x  «  0  we  have  M(x)x“3  “  (1/6)(1  -  8)  ♦  (1/30H48  -  1)x2  ♦  0(x*), 
if  we  let  8  •  sup (8  6  t0,11:  (3.13)  holds}  we  have  the  lower  estiaate  8  >  0.25  as  in 
(5).  But  the  upper  estiaate  in  (3.5)  allows  us  to  conclude  that  for  8  near  1  (3.13) 
does  not  hold.  Indeed  this  happens  for  every  8  >  0.88...  .  Therefore 

(3.14)  0.25  <  8  (  0.88...  . 
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4.  MORS  SELF-8 XMIUR  SOLUTIOH8 


TO  give  exact  rate*  of  growth  of  the  interface  aa  t  t  •  or  t  *  0  we  need  a 

aultable  family  of  node la  that  we  conatruct  in  thia  aection. 

For  every  a,  -1  <  a  <  2/(*  -  1),  we  let  w  (x,t)  be  the  eolation  of  (P>  with 

<s 

initial  condition 


(4.1) 


wa(x,°> 


(a  +  1)|x|“  if  x  <  0 


0  if  x  >  0  . 


Since  the  map  u  **  Tu  defined  by 


(4.2)  Tu(x,t)  “  ku(Lx,Tt) 

where  k,L,T  are  given  positive  constants,  transforma  solutions  of  -  (u">  into  new 

solutions  if  k*-1!.2  ■  T  and  since  Tw  (x,0)  ■  w  (x,0)  if  kta  »  1  we  conclude  from  the 

a  a 

uniqueness  of  the  solutions  of  (P)  that  for  every  L  >  0  we  have 

-a  2-a(w*l) 

(4.3)  w  (x, t)  -  L  w  (Lx;L  't> 

a  a 

for  every  x  e  R,  t  >  0.  In  particular  if  we  fix  t  >  0  and  then  choose  L  such  that 
2-a(at-1) 

L  t  “  1  we  deduce  that  wa  can  be  represented  in  the  form 

(4.4)  w  (x.t)  -  ta1rf  (xt~T>  in  Q  -  R  *  to,**)  , 

a  a 

with  if  «  <2  -  a(m  -I))-1  >  0.  Therefore  w  is  a  self-similar  solution. 

01 

It  is  easy  to  see  that  f^tC)  -  wa(£,1)  is  a  nonnegative  solution  of  the  second- 
order  differential  equation 

(4.5)  (f")*U)  -  OTf(C>  -  Ttf(5>  C  - 

on  the  whole  line  (Cl,  such  that  f(C)  ♦  o(t°)  as  5  ♦  •  and  f(()ICI  °  ♦  (a  ♦  1) 
as  i  *  -**.  The  fact  that  there  exists  a  unique  solution  of  (4.5)  with  such  behaviour  as 
Kl  *  •  follows  from  the  existence  and  uniqueness  of  solutions  of  (P). 

By  Property  1.1  the  free  boundary  of  wq  is  finite.  If  we  let 

(4.6)  n  -  C  (1)  , 

a  a 

y 

then  0  <  n  <  "  and  C  ( t)  ■  n  t  •  n  depends  only  on  a  and  mi  in  fact  remarking 

°  a  S+1  a 

that  Mq(x)  -  |x|a+1  <  ( | x )  ♦  I)*”1  gives  by  means  of  the  comparison  argument  of 
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Property  1.1 

(4.7)  n  <  t"T  . 

o  ■ 

6  -y 

REMARKS.  1)  Barenblatt  [7]  considered  solutions  of  ths  (on  t  f(xt  )  to  solve  the 


problesi 


**t  ’  <«*>«, 

if 

X 

> 

o,  t  >  o  , 

(4.8) 

u(x,0)  •  0 

if 

X 

> 

0  , 

u(0,t)  “  ot* 

if 

t 

> 

0  . 

This  leads  to  the  study  of  equation  (4.S)  with  T  •  r  M  ♦  ((■  -  1))  and  side  conditions 
f(0)  »  o  and  f(**>  ■  0.  He  considered  the  ease  ■  >  1,  4  >  0,  o  >  0. 

A  detailed  study  of  the  problen 


(4.9) 


(f*>-(C>  ♦  YCf(C)  -  «f(C>  for  c  >  o 


(  f(0>  -  0  >  0,  f(C>  bounded  as  C  ♦  • 

with  •  >  1  and  independent  parameters  y,i  (  I  is  made  by  Gildinq  and  Pale  tier  in  (121, 

[131  (where  references  to  related  works  can  be  found).  In  case  U  >  0  they  prove  that 

there  exists  a  solution  of  (4.9)  with  compact  support  if  Y  >  0  and  2y  ♦  4  >  0  and  this 

solution  is  unique.  In  the  particular  case  of  (4.5)  where  u,y,6  are  related  as  above 

the  conditions  mean  a  >  -2.  In  this  way  we  recover  the  solutions  w  (x,t>  restricted  to 

<1 

ths  quadrant  {x  >  0, t  >  0).  Bounded  positive  solutions  of  (4.9)  can  be  obtained  under 
our  conditions  for  -2  <  o  «  0.  Since  the  aquation  (4.5)  is  invariant  under  the 
transformation  n  •*  -n  we  can  recover  so  the  left  psrt,  (x  <  0,t  >  0),  of  wQ(x,t)  if 
a  <  0. 

But  once  we  have  the  general  existence  and  uniqueness  theory  for  (P)  our  approach 
gives  a  very  simple  proof  of  the  existence  and  properties  of  wQ(x,t)  that  relies  on  the 
use  of  the  scelin^’lnvar lance  of  the  equation. 

2)  When  u  «  (a  -  I)”1,  Y  “  1,  we  obtain  the  explicit  solution 


(4.10) 


1 

w(x,t)  -  1  c(ct  -  x>  +  r’ 
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with  •  suitable  c  >  0.  This  is  celled  «  constant-velocity  front  since  C(t)  “  ct  and 
-(  *  'j  w*"1)],  “  c  whenever  w  >  0. 

3)  For  a  >  (■  -  I)"1  the  initial  pressure  is  a  convex  function! 

g-1 

(w  (x,  0)  )  >  0  a.e.  Therefore  the  sane  holds  for  every  t  >  0,  i.e.  f  is 

a  xx 

convex  and  the  free  boundary  nfl( t)  is  convex. 

4)  The  liait  case  a  -  -1  is  represented  by  the  solutions  with  finite  mass,  i.e.  we 
define 

(4.11)  w_j<x,t)  ■  w(x,t»1)  as  in  definition  (1.7) 

and  then 


(4.12)  n_1 
Using  again  the  transformation  T 

(4.13)  w  (x,t) 

a,c 

are  solutions  of  (P)  with  initial  data 

by  x  -  n  (t)  where 
a,c 


as  in  (1.9). 


we  see  that  for  c  >  0 

c2vYf<;(-mxt-Y> 


W_  <x,0  )  -  cw  (x,0 ) . 
a,  c  a 


(4.14) 


h  (t)  -  n  (c*"1t)1f  . 
OfC  a 


the  functions 


Their  interface  is  given 


Clearly  (4.14)  holds  also  for  a  ■  -1. 
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5.  BEHAVIOUR  FOR  SMALL  t 


Ha  begin  this  ssetion  by  showing  that  the  behaviour  of  c(t>  as  t  +  0  da  panda  only 
on  the  behaviour  of  M(x)  as  x  ♦  0. 

LEMMA  5.1.  Let  u^x.t),  u2(x,t)  be  two  solutions  of  (P)  with  initial  data 
u°(x),u£(x),  Haas  functions  Mt(x),M2(x)  and  interfaces  ^(O.C^t)  respectively.  If 

M  (x> 

(5.1)  li*  c<  0<c<“ 

x*0  I1*' 


than  for  every  e  >  0  there  exists  t  >  0  such  that  if  0  <  t  <  t 
(5.2)  C,((c  ♦  e)*-^)  >  c2<t>  >  C,((c  -  e)*",t)  . 

Proof.  For  every  4  >  0  there  exists  x^  >  0  such  that  M2(x)  <  (c  ♦  4)M^(x)  if 
Xj  <  x  <  0.  Now  we  use  the  transforaation  T,  cf.  Section  4,  on  the  solution  u2  with 
Initial  data 


(5.3) 


<-0 

u!J<x)  - 


Uj(x)  It  Kg  <  X  <  0 
0  otherwise  . 


^  iw®  *vQ 

He  put  h  *  L  -  (1  *■  6)  so  that  T  ■  II  ♦  S)  and  define  u  *  Tu2>  u0  “  Tu2.  The 

~e  •  *  .  -1 

support  of  u0  is  contained  in  the  Interval  [x{,0] ,  where  x{  -  xfi(1  +5)  >  Xg.  Also 

fwft  aw  ***•  "*0 

M  (x)  ?  Mj (x)  for  every  x,  i.e.  u0  F  Uj. 

He  now  consider  the  solution  U(x.t)  with  Initial  condition 

u„(*>  if  *  <  *fi 


(5.4) 


U„(x> 


ufl(x)  if  Xg  <  X  <  0 
0  otherwise  . 


It  is  clear  that  Uq  >■  uj>  hence  their  interfaces  Z(t),C2(t),  satisfy 

Z(t)  >  C2(t)  in  their  cosMon  interval  of  definition.  But  since  Uq(x)  *  0  in  the 

• 

interval  [x^.Xg]  for  a  certain  tisie  t  >  0,  U(x,t)  coincides  with  u  <x,t)  if  x  >  Xg 


and  0  <  t  <  t,  hence  Z(t)  »  C  (t). 
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For  this 


To  provo  the  first  inequality  of  (5.2)  ws  have  yet  to  ooapare  C2  a«d  C,» 
we  uaa  again  T,  now  with  k  ■  (c  ♦  4)(1  ♦  4),  L  ■  1  ♦  4  and  T  ■  (e  ♦  4)*”1(1  ♦  4)*f1. 
Ha  Obtain  a  aolution  u^  “  Tu^  auch  that 

(5.5)  5t(x)  -  (c  ♦  5)M1((1  ♦  4)*)  >  H2((1  *  4)x)  >  S*(x>  , 

l.e.  >■  u  ,  tharafora  C ^ ( t )  >  C  (t)  "  Z(t)  >  Cj(t)  if  0  <  t  <  T.  Choosing  4  >  0 
auch  that  (1  +  4)*f1(c  +  5)*”1  <  (c  +  e)*"1  thia  iapllaa  the  deaired  inequality  ainca 
C,(t)  -  tf’c^Tt). 

The  aacond  inequality  can  be  obtained  by  reveralnq  the  roles  of  Uj  and  u^.  B 

The  aolutlona  w  constructed  in  Section  4  are  used  to  give  precise  growth  rates 
®»c 

for  C(t)  when  t  la  snail; 

THKORIM  3.  tat  for  aosie  4,  0  <  0  <  (■  ♦  1)/(a  -  1) 

(5.6)  lie  sup  M(x)|x|  ®  -  c 

x/0 

with  0  <  c  <  «*.  Then  aa  t  ♦  0 

(5.7)  lc(,r‘1)T  <  lie  sup  C(t)t_Y  <  n  e<m~1)r 

a 

where  a  «  0  -  1,  y  •  (2  -  a(e  -  1))_1»  (defined  in  (4.6))  and  y  >  0  depend  only  B 
and  n. 

If  c  la  the  Halt  of  M(x)|x|  aj  x  ♦  0  then 

~y  (rl)f 

(5.8)  lie  C(t)t  1  -  no'  ’  . 

fO  “ 

PROOF.  The  right-hand  inequality  of  (S.7)  and  (5.8)  follow  free  Leans  (5.1)  and  fomula 

(4.14)  for  the  interfaces  of  w_ 

a,c 

To  prove  (S.7)-ieft  we  obaerve  that  there  exists  a  sequence  xn  ♦  0  such  that 
-B 

M(x  ) | x  |  *  c  aa  n  ♦  •.  He  may  assuaa  that  c  >  0,  if  not  there  is  nothing  to 

n  n 

prove.  He  consider  the  solutions  u^x.t)  “  w(x  -  xB,t»H(xB) ) .  It  is  clear  that  for 
every  n,  uQ  >■  un(x,0),  therefore  we  have 

e-1  1 

(5.9)  5(t)  >  h_1H(*B)**1t*+1  -  |xBl  . 

A 

Mow  if  we  take  a  snail  e,  0  <  e  <  c,  we  have  H(x_)  >  (c  -  e)|x  |  for  all  large 

n  n 
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n  >  n£.  We  rw*rk  now  that  the  function 

(5.10)  g(y)  “  Ay*1  -y,  0  <  y  <  «•»  0  <  |i  <  1  , 

takas  on  a  maximum  value  at  y^  “  (Au)1^*1  ***: 

(5.11)  g(y  )  »  -  1  H  y  . 

m-1  1 

Applying  this  result  to  (5.9)  with  A  ■  n_^(c  -  e)*+1tl,+1  and  p  "  0(m  -  1)/(*  ♦  1)  and 

setting  y  “  x  we  find  that  there  exists  a  sequence  (t  }  such  that  t  ♦  0  as 

P  n  n#e  n  n,c 

n  ♦  •  and 

(5.12)  Clt  >  >  X((c  -  e)*_1t  >Y 

n  f t  A|C 

fl(  Y(srM) 

where  X  “  (p'w  ~  ^  n_, )  *(Y0(n  ♦  I))"1.  Letting  e  ♦  0  we  obtain  (5.7)-left.  □ 

REMARKS.  1)  The  first  results  on  C(t)  for  small  t  seen  to  be  those  of  [16]  where  it 

is  proved  that  C(t)  ”  CXt1^2)  if  uQ  8  L~(B). 

The  case  u0  C  l'(B)  is  studied  in  (19)  s  it  is  proved  that  C(t)  <  n  (M,r't),^,t* 

_ 1_ 

where  M  -  lu^  and  also  that  C(t)t  ♦  0  as  t  ♦  0.  The  assumptions  uQ  e  I^(B), 

1  <  p  <  •  are  also  discussed. 

2)  If  we  let  8  >  2  in  (5.6)  and  c  <  •  then  t*  >  0  cf.  Section  3.  If  0  <  2 
and  c  >  0  then  t,  ■  0. 


3) 


If  0-0  the  limit  of  M(x)  as  x  t  0  always  exists  and  (5.8)  applies 


6.  BEHAVIOUR  AS  t  ♦  - 

In  this  section  we  assume  that  u  is  a  global  solution,  i.s.  T*  «  ",  snd  study  tha 
behaviour  of  C(t)  for  large  t.  The  results  parallel  those  of  Section  S  but  now  the 
values  of  M(x)  as  x  +  •  are  the  only  ones  that  natter i 

LEMMA  6.1.  Let  u^,u2  be  two  global  solutions  of  CP )  with  initial  data  u^u2,  nasa 
functions  M.|,M2,  and  Interfaces  respectively.  If 

M  (x) 

(6.1)  li»  ~-r  -  e,  0  <  c  <  - 

jc+-"  "llx) 

then  for  every  e  >  0  there  exists  C£  >  0  such  that 

(6.2)  C,((e  ♦  E)*-^)  +  Ce  >  C2(t)  >  C,((c  -  c)*-1!)  -  Ce  . 

PROOF.  For  every  e  >  0  there  exists  *£  such  that  for  x  <  x£  <  0, 

M2(x)  <  (c  +  c)M.|(x)  •  M^(x) ,  where  Mf  is  the  ness  of  uf  •  Tu1  and  the  constants  in 
the  transformation  are  k«c  +  e,L«  1,  T  ■  (c  ♦  e)*-1.  Therefore  we  have  for  every  x 

(6.3)  M2(x)  <  M^x  «■  x£)  . 

It  follows  that 

(6.4)  C2(t>  <  C,(t)  ♦  |xel  -  C,((c  ♦  e)**1t)  ♦  |xcl  . 

Putting  Ce  "  |x£|  we  obtain  the  first  inequality.  The  second  is  similar. 

REMARK  1.  As  in  preceding  sections  Knerr  (16)  obtained  the  first  results*  l.ider 
simplifying  assumptions  on  the  initial  data,  cf.  8ection  3,  he  proved  that 

C(t)  ■  0<t1/(*t1>).  In  (19)  very  precise  results  are  obtained  when  u^  e  l'(»)  (and 
satisfies  (Hi),  (H3))s  it  is  proved  that 

1  v\ 

i)  C(t)t  ♦  c^M**1,  M  -  luQl ,  , 

a  wrl  . 

(6.5)  li)  C’U)^1  ♦  H**1.  and 

e-1  1 

iii)  C(t)  -  c^M^t**1  ♦  *o  "  1,-1  /  *«o<x)ax 
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the  center  of  mu,  cen  be  finite  or 


Notice  thet  (6.5)  implies  that  for  every 


*0* 

solution  C(t)  grow*  at  least  like  ^/(m+l)^ 

Osina  the  solutions  w  in  combination  with  Lena  6. 1  we  obtain  the  following 
a,c 

growth  rates: 

THEOREM  4.  Let  for  some  B,  0  <  6  <  (■  ♦  1)/(m  -  1) 

.g 

(6.6)  lie  sup  M(x)|xt  “  c 

x*-* 


with  0  <  c  <  •.  Then  as  t  ♦  • 

(6.7)  lc(“-m  <  ii.  sup  C(t)t'y  <  q  c(BnUr  . 

Cl 

.g 

where  a.y.X  and  n  are  as  in  Theorem  3.  If  moreover  c  is  the  limit  of  M(x)lxl 

— m— .  -  -  -  ■  . ■  ' 

aa  x  ♦  -•  than 

— Y  (k-i w 

(6.8)  lim  C(t)t  -  n  C  '  . 

tm  “ 

PRO OF.  It  is  completely  similar  to  that  of  Theorem  3,  only  changing  throughout  t  *  0, 
x  t  0  into  t  *  •,  x  * 

REMARKS.  2)  If  we  allow  B  “  2  in  (6.6)  then  if  c  >  0  there  is  blow-up  in  finite 
time.  In  case  6  >  2,  c  >  0,  no  solution  of  (P)  exists.  If  B  “  0  the  limit  of  M(x) 
as  x  ♦  -•  always  exists ,  finite  or  infinite. 

3)  The  case  u^  e  1  <  p  <  •  is  treated  in  [19].  Notice  that  ug  8  L^(S) 

implies  M(x)  ■  0(|x|*S  with  B  “  ~  ~  if  p  <  •,  B  ■  1  if  p  ■ 


i 

4 

I 


7.  APPROACHING  A  BLOW-UP 

In  this  section  we  assume  that  the  blow-op  time  T  is  finite,  i.e.  that 

_  2£I 

■a) 

M( x )  |x |  does  not  tend  to  0  as  x  goes  to  He  begin  by  describing  the 

different  possible  behaviours  of  the  interface  C(t>  as  t  ♦  T  .  Let 

(7.1)  l*  -  lim  C(t>,  v*-  lia  C'(t)  . 

•  * 
ttT  t+T 

Both  liaits  exist,  either  finite  or  infinite.  Hie  four  cases  that  Bay  occur  are: 

(I)  t*  -  0,  i.e.  t*  -  T*  and  C(t)  -  0  for  0  <  t  <  T*.  Exaaple:  s_(x,t»T*>. 

(II)  0  <  t  <  «,  0  <  v*  -  •. 

*  *  * 

(III)  0  <  l  <  «•,  v  •  «*.  Example:  z_(x,t;T  ,C)  with  C  <  0. 

(IV)  l  -  v*  -  -. 

*  *  * 

Remark  that  because  of  (1.16)  l  >0  implies  v  >  0  and  t  “  •  implies 

* 

v  - 

An  example  of  type  (II)  is  easily  constructed  as  follows:  let  u  be  the  solution 
with  initial  data 

(7.2)  u0(x)  -  z_(x  ♦  1,0»T)  +  M6(x)  , 

where  M,T  >0.  If  T  is  small  as  compared  with  T,  u  equals  exactly  s_(x  ♦  1,t»T)  + 
w(x,t«H)  in  Qp,  has  blow-up  tiae  T  and  c(t)  “  rM(t)  for  0  <  t  <  T. 

On  the  hand  it  follows  from  Theorems  1  and  2  that  (I)  happens  when  the  liait  of 
M(x)  |x|"<“*'1  */(a"1 1  exists  as  x  ♦  -*•  and  equals  B. 

Examples  of  type  (IV)  will  follow  from  Proposition  7.1  below. 

He  introduce  now  a  useful  concept,  that  of  blow-up  set  I  -  I (u) : 

(7.3)  I  »  (x  e  R  :  u(x,t)  ♦  •  as  t  ♦  T  }  . 

Note  that  the  limit  of  u(x,t)  as  t  t  T  exists  for  every  x  e  k  since 

ut  >  -u/(a  ♦  1)t,  i.e.  u(x,t)t1^**f  1 *  is  nondecreasing  in  t,  in  0  #•  Hie  following 

holds: 

PROPOSITION  7.1.  I  is  an  interval  beginning  at  -*•. 


-26' 


-28' 


implies  that  aa  t  ♦  T 


(7.11)  /  s_(x  “  c",t»T  )dx  ♦  ” 

b 

*  • 

contradicting  (7.10).  Tharafora  b  >  c",  hanca  b  >  c.  □ 

Under  the  above  assumptions  the  type  (IV)  corresponds  precisely  to  c  •  +■».  If 
c  <  0  we  have  an  interface  of  type  (I)  or  (II):  remark  that  in  this  case  we  can  replace 
the  lie  in  condition  (H4)  by  lie  sup  (and  the  same  proof  implies  that 
b*  <  c  <  0  -  l  ) .  He  remark  finally  that  when  c  m  -“  the  blow-up  set  E  is  void:  in 
this  case  the  sequence 

_  *+1_ 

(7.12)  sn  ■  sup  |x|  m_1  /  u(x,tR)dx 

x<— 1 


must  diverge  as  t^  ♦  T  but  the  sup  is  taken  at  points  xn  ♦ 

It  would  seem  that  the  blow-up  merely  concerns  the  set  E.  However,  the  next  result 
points  out  a  global  aspect: 

Consider  a  solution  u  with  initial  data  Uq  that  blows  up  at  time  T  >  0.  Let 
{u^}  an  increasing  sequence  of  measures  that  converge  to  uQ  and  let  (u^)  the 
corresponding  solutions.  Let  C»Cn  be  their  respective  free  boundaries.  He  choose 


uQn  so  that  uR  exists  for  all  time  0  <  t.  He  have 


PR0FO8ITIOH  7.3. 


uR(x,t)  ♦  u(x,t)  . 


C  (t)  ♦  C(t)  . 
n 

C  (t)  ♦  -  and  t’(t)  ♦  - 
n  1  n 

Un(x,t)  t  •  . 


<i)  For  every  (x,t)  «  ft, 

(ii)  For  every  0  <  t  <  T 

(Hi)  For  every  t  >  T 

(iv)  For  every  x  e  *,  t  >  T 

PROOF,  (i)  It  is  clear  from  the  maximum  principle  that  for  every  n,  u„  <  un+1  <  u 

whenever  they  are  defined.  Theorem  I  and  Prop.  1.6  of  (9)  prove  that  the  sequences 

(u"),  {(u")  }  and  {(u*).}  are  uniformly  bounded  in  L?__(*  »  (0,T).  Hence  {u") 
n  n  x  n  t  loc 

converges  uniformly  on  compacts  to  a  continuous  solution  u  °f  ut  ■  <u">xx  in  °T* 


Its 
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initial  tract  (that  axiata  by  (4) )  Uq  nacaaaarily  aatiafiaa  <  u„.  Moreover  a  <  u. 

It  follow*  fra*  Theoreu  B,  $2,  that  u  ■  u. 

(ii>  Sine*  obviously  C  (t)  <  C  .,<t)  <  C(t>  whenever  thay  ara  defined  w*  have  to 

prova  that  for  t  <  T  lin^C^t)  =  c(t)  >  C(t).  In  fact  if  o(tj)  “  ((tj)  -  e  for  ma* 

tg  <  T  an  e  >  0  thia  can  only  happen  at  a  point  whar*  C  already  novas i 

C'(t0>  «  k  >  0.  Using  th*  fact  that  C’Ctj)  •  -p^UUjWtg)  whar*  p-  (■/(■  -  1 ) >u*”1 

w*  conclude  that  ulx.tg)  >0  for  x  near  C ( tQ > .  Sine*  u^x.tg)  »  0  for  every 

x  >  C  (t.)  <  c(t.)  w*  arrive  at  a  contradiction  with  (i>. 
n  0  0 

(ill)  This  is  the  first  interesting  point.  Ma  know  (Thaoraai  A,  (iv))  that 
IHuC'ttXI^  ♦  •  aa  t  ♦  T.  Sine*  un  t  u  it  follows  that  for  ovary  n  there  exist 
an  integer  Jn  and  a  point  (*n*tn>  *  ftj  auch  that 

.  HI 

(7.13)  /  Ua  (x,tn)dx  >  (n|x  I)"”1,  t  ♦  T,  x  <  -1  . 

Jae  n  n  n 

»  n 
n 

2tl 

Me  consider  now  th*  solution  u^x.t)  -  w(x  -  x^.t  -  t^n IxJ*”1 ) ,  defined  for 
t  >  tB.  By  Corollary  Si  we  have,  since  u^  f  un  at  tine  tj,, 

1 

(7.14)  C.  (t)  >  e  (n|x  |)(t  -  t  l**1  -  x_  if  t  >  . 

j  ■  n  n  •• 

n 

Mow  fix  t  -  T  ♦  t  >  T  and  let  n  ♦  •  in  (7.14)  to  obtain  CB(t>  ♦  "• 

Tram  (1.16)  it  follows  that  for  every  t  >  0,  C’(t)t  >  (n  ♦  1)(C  (t)  -  C  (0)).  Hence 

n  n  n 

if  t  >  T  and  n  ♦  C'(t)  ♦ 

n 

(iv)  Let  Pn(x,t>  -  (a/(a  -  DhiJJ”1.  Since  pn  *  0,  (?„>„,,  >  -((■  *  Dt)"1  and 

(p  )  (C  (t),t)  -  -«Mt)  it  follows  fron  (ill)  that  for  t  >  T  lin  u  (C  (t>  -  1,t>  -  • 
n  x  n  n  n  n 

aa  n  ♦  •.  Th*  conclusion  u  <x,t)  ♦  0  for  every  x  >  0  follows  fren  th*  feet  that 

n 

“n  A*  nondecreaalne  in  x  for  x  >  0,  t  >  0.  A  proof  of  this  property  using 
Caffarelli's  Mef lection  Principle  is  aa  follows i  ir  w*  ocnpsra  in  a  denain 
D  «  («,“»  *  (0,»)  with  a  >  0  th*  functions  un(x,t»  and  u^x.t)  -  un(2a  -  x,t>  it 
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follows  fron  ths  Hxiaini  principle  that  u,,  <  un.  Mow  given  0  <  x^  <  Xj  and 
taka  a  “  1/2(x1  ♦  to  concluda  that  nB(x1(t)  >  u„(x2,t). 

A 

To  prove  that  u_(x,t)  +  0  swan  for  x  <  0  wa  considar  tha  solutions  u 

•*  A 

A  A 

Initial  data  uQn  -  uQn*x( ■**»*)  with  a  <  0.  Thay  approx inata  tha  solution  u 

A  A  A 

Uq  -  n0*x(_“»a) •  Sines  T  -  I  wa  apply  tha  above  to  conclude  that  x,t)  ♦ 

every  x  >  a,  t  >  T.  But  u  <  u_. 

n  n 


t  >  0 

with 
with 
•  for 
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8.  OTHER  INTERFACES 


If  u  la  *  solution  of  (P)  undar  conditions  (H1)-(H3)  and  u0(x)  -  0  for  x  <  a 
than  an  outar  left-interface  appears 

(8.1)  ^left*^  "  >  0},  t  >  0  . 

The  properties  of  C  are  coaipletaly  similar  to  those  of  ?(t>.  Since 

«0  *  1,1  <*)  the  asymptotic  behaviour  as  t  ♦  •  is  covered  in  [191. 

Also  an  inner  free  boundary  I*  may  appear  t  it  is  the  part  of  the  boundary  T  of 

0  ”  {(x,t)>  x  e  «,  0  <  t  <  T  and  u(x,t>  >0)  in  Q  *  not  contained  in  x  ■  5(t)  or 

T 

*  *  As  explained  in  [19]  it  consists  of  an  at  most  countable  number  of  locally 

Lipschltc  arcs  beginning  at  t  ■  0.  cf.  for  other  details  [19]. 
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